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Figure 1: Box-diagrams with top-quarks in the loop are the dominant contributions to neutral B-meson
mixing. q denotes either a d- or s-quark.

1. Motivation

B-physics plays a central role in the global efforts to constrain the CKM unitarity triangle. The
ratio of neutral B-meson mixing, e.g., is used in the unitarity triangle fits [1–3]. Neutral B-mesons
mix with their anti-particle under the exchange of two W -bosons as depicted by the box-diagrams in
Fig. 1. There q denotes a light d- or s-quark building either a B- or a Bs-meson, respectively. In the
experiments, e.g., BaBar, Belle, CDF or LHCb, Bq-mixing is measured in terms of the oscillation
frequencies (mass differences) ∆Mq and in the Standard Model (SM) this process is parameterized
by [4]

∆Mq =
G2

Fm2
W

6π2 ηBS0MBq f 2
Bq

BBq |V ∗tqVtb|2, (1.1)

where the QCD coefficient ηb [4] and the Inami-Lim function S0 [5] are computed perturbatively
and a nonperturbative computation is needed for the leptonic Bq-meson decay constant fBq and
the bag parameter BBq in order to extract the CKM matrix elements V ∗tqVtb. Experimentally ∆Mq

is measured to subpercent accuracy [6], whereas the nonpeturbative (lattice) inputs contribute the
dominant uncertainty (order few percent). Taking the ratio of neutral B-meson mixing

∆Ms

∆Md
=

MBs

MBd

ξ
2 |Vts|2

|Vtd |2
, (1.2)

the nonperturbative contribution is contained in the SU(3) breaking ratio

ξ =
fBs

√
BBs

fBd

√
BBd

, (1.3)

for which statistical and systematic uncertainties largely cancel [7]. Unfortunately ξ still con-
tributes the largest uncertainty.

We therefore designed this project to compute neutral B-meson mixing matrix elements as well
as the leptonic decay constants fB and fBs . The decay constants are important to further constrain
new physics by allowing an alternative determination of Vub using the measurement of B→ τν [8–
10] or by allowing, e.g., to obtain predictions on rare decays like Bs→ µ+µ− [11] which promise
to be in particular sensitive to new physics.

Computing B-physics quantities on the lattice faces the additional challenge to accommodate
an additional scale given by the large b-quark mass. In our project we compute B-physics quantities
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Table 1: Lattice simulation parameters used in our B-physics program. The columns list the lattice volume,
approximate lattice spacing, light (ml) and strange (mh) sea-quark masses, unitary pion mass, and number of
configurations and time sources analyzed.

(L/a)3× (T/a) ≈ a(fm) aml amh Mπ (MeV) # configs. # time sources

243×64 0.11 0.005 0.040 329 1636 1
243×64 0.11 0.010 0.040 422 1419 1

323×64 0.086 0.004 0.030 289 628 2
323×64 0.086 0.006 0.030 345 889 2
323×64 0.086 0.008 0.030 394 544 2

using the RBC-UKQCD 2+1 flavor domain-wall Iwasaki gauge field configurations. We simulate
the b-quarks with the relativistic heavy quark (RHQ) action and tune the action’s parameters non-
perturbatively, while domain-wall fermions simulate the light u, d, s-quarks. Thus our project is
an independent cross-check to published results by other groups based on 2-flavor [12], 2+1-flavor
[13–17] or 2+1+1-flavor [18] gauge-field configurations. In these proceedings we focus on the
computation of the B-meson decay constants fB and fBs .

2. Computational setup

This computation uses the dynamical 2+1 flavor domain-wall Iwasaki gaugefield configura-
tions generated by the RBC-UKQCD collaboration [19, 20] listed in Tab. 1. We use two coarser,
243 ensembles with a≈ 0.11fm (a−1 = 1.729 GeV) and three finer, 323 ensembles with a≈ 0.086
fm (a−1 = 2.281 GeV). On the coarser ensembles we place one source per configuration, whereas
on the finer ensembles we place two time sources per configuration separated by half the temporal
extent of the lattice. For each source we generate six domain-wall [21, 22] propagators with quark
masses am24

val = 0.005, 0.010, 0.020, 0.030, 0.0343 and 0.040 on the coarser 243 ensembles and
am32

val = 0.004, 0.006, 0.008, 0.025, 0.0272 and 0.030 on the finer 323 ensembles. The masses of
the three heaviest domain-wall propagators bracket the physical strange quark mass.

We simulate the b-quarks using the the anisotropic Sheikholeslami-Wohlert (clover) action
with the relativistic heavy-quark (RHQ) interpretation [23, 24]. The three parameters, m0a, cP, ζ ,
are tuned nonperturbatively using the experimental inputs for the spin-averaged mass M and the
hyperfine-splitting ∆M in the Bs-meson system and demanding that the rest mass equals the kinetic
mass, i.e., M1/M2 = 1 [25]. The parameters are tuned by probing seven points of the (m0a, cP, ζ )

parameter space and then we interpolate to the tuned value by matching to the experimental values.
We use the same seven sets of RHQ parameters in our computation of the decay constants

fB and fBs because this allows us to cleanly propagate the statistical uncertainty of our tuning
procedure to the final results. The decay constants are measured on the lattice by computing the
decay amplitude ΦB which is proportional to the vacuum-to-meson matrix element of the heavy-
light axial vector current Aµ = b̄γ5γµq and depicted in Fig. 2

〈0|Aµ |Bq(p)〉/
√

MBq = ipµ
Φ

(0)
Bq
/MBq . (2.1)
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Figure 2: Schematic computation of the decay am-
plitude ΦBq with q denoting a d- or s-quark.
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Figure 3: Schematic computation of the flavor-
conserving renormalization factor Zbb

V using a s-
quark as spectator.

The mass of the Bq-meson is MBq and pµ denotes its four momentum. We reduce lattice discretiza-

tion errors by O(a)-improving the axial vector current, Φ
imp
Bq

= Φ
(0)
Bq

+ c1Φ
(1)
Bq

, and compute the
coefficient c1 at 1-loop with mean-field improved lattice perturbation theory [26].

Finally we obtain the decay constant fBq from Φ
imp
Bq

by multiplying the renormalization factor
ZΦ, the lattice spacing and the mass of the Bq-meson

fBq = ZΦΦ
imp
Bq

a−3/2/
√

MBq . (2.2)

For the computation of the renormalization factor ZΦ we follow the mostly nonperturbative method
described in [27] and compute ZΦ as product of the two nonperturbatively computed, flavor-
conserving factors Zll

V and Zbb
V and a perturbatively computed factor ρbl which is expected to be

close to one and to have a more convergent series expansion in αs

ZΦ = ρbl

√
Zbb

V Zll
V . (2.3)

The perturbative factor ρbl is computed at 1-loop with mean-field improved lattice perturbation
theory [28] and the RBC-UKQCD collaboration already measured Zll

V [20]. The factor Zbb
V is

determined as part of this project [29].

3. Preliminary results

We determine Zbb
v by measuring the 3-point function describing a B-meson going to a B-meson

with the insertion of a vector current between both b-quarks (see Fig. 3)

Zbb
V ×〈B|V bb,0|B〉= 2mB. (3.1)

Since Zbb
V does not explicitly depend on the spectator quark, it is advantageous to use a s-quark

as spectator because it has smaller statistical uncertainties compared to a lighter quark. For this
computation we simulate the b-quarks using a single set of tuned RHQ parameters [25].

We extract Zbb
V from a fit to the plateau of the above defined 3-pt function normalized by the

corresponding Bs-meson 2-pt function for each of our five ensembles. Fig. 4 shows example data
for Zbb

V on the finer, 323 ensemble with light sea-quark mass a32ml
sea = 0.006. The data form a long

plateau and the fit interval is chosen such that excited state contamination present in the 2pt-data

4



P
o
S
(
L
A
T
T
I
C
E
 
2
0
1
3
)
3
7
7

B-meson decay constants Oliver Witzel

0 5 10 15 20 25
5.2

5.25

5.3

5.35

5.4

5.45

5.5

Zbb
V = 5.237(12)

χ2/dof = 0.34, p = 95%

ml
sea = 0.006

time slice

Z
b
b

v
(t
)

46)0−1−2%6=

Figure 4: Example plot for the determination of
the flavor-conserving renormalization factor Zbb

V
on the finer, 323 ensemble with ml

sea = 0.006.

Table 2: Preliminary results for the nonperturbative
determination of the flavor-conserving renormalization
factor Zbb

V with statistical errors only. Averaging val-
ues at the same lattice spacing we compare to the values
obtained from a calculation using 1-loop mean-field im-
proved lattice perturbation theory [26].

a24ml
sea Zbb

V a32ml
sea Zbb

V

0.005 10.037(34) 0.004 5.270(13)
0.010 10.042(37) 0.006 5.237(12)

0.008 5.267(15)

Avg.24 10.093(25) Avg.32 5.2560(76)
PT1-loop

24 10.72 PT1-loop
32 5.725

has decayed and is not affecting our signal. Plots for the other ensembles look similar. We list the
values for Zbb

V for all our ensembles in Tab. 2. As expected we do not observe a dependence on
the sea-quark mass. Furthermore use the results to test the reliability of lattice perturbation theory
used for different parts of this project, e.g., the factor ρbl . We show the results for Zbb

V obtained at
1-loop mean-field improved lattice perturbation theory [26] and compare them to the averages of
our nonperturbative determinations. We observe a better-than-expected agreement.

The decay constants and the ratio are obtained by first fitting plateaus of the O(a)-improved
and renormalized decay amplitudes, Φren

Bq
= ZΦΦ

imp
Bq

, for all six valence quark masses on our five
ensembles. An example for q = 0.004 on the 323 ensemble with aml

sea = 0.006 is given in Fig. 5.
We determine fBs by performing a linear interpolation of the three strange-like data points to the
physical value of the strange quark mass. Then we extrapolate the interpolated results on the
five ensembles to the continuum with a function that is linear in a2 (motivated by the leading
scaling behavior of the light-quark and gluon actions) and independent of sea-quark mass and
obtain fBs = 236(5) MeV (statistical error only).

The physical value of the decay constant fB and the ratio fBs/ fB are obtained from a combined
chiral-continuum extrapolation using next-to-leading order SU(2) heavy meson chiral perturbation
theory (HMχPT) [30–33]

ΦB = Φ0

[
1−χ

fB
SU(2) + cseaml

sea2B/(4π f )2 + cvalmval2B/(4π f )2 + caa2/(a2
324π f )2

]
, (3.2)

and

ΦBs/ΦB = RΦ

[
1−χ

ratio
SU(2) + cseaml

sea2B/(4π f )2 + cvalmval2B/(4π f )2 + caa2/(a2
324π f )2

]
. (3.3)

The chiral logarithms, χ
fB

SU(2) and χ ratio
SU(2), are nonanalytic functions of the pseudo-Goldstone meson

masses, and are given in the appendix of reference [33]. Our preliminary results are shown in
Fig. 7. The fits are performed including partially-quenched data on all five sea-quark ensembles,
but with valence-quark masses restricted to be below Mval

π < 350 MeV. These extrapolations give
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Figure 5: Example plot for the determination of the
decay amplitude Φren

Bq
from a fit to the plateau for

light valence quark q = 0.004 on the 323 ensemble
with aml

sea = 0.006.

46)0−1−2%6=

Figure 6: Continuum extrapolation of ΦBs . The
different colored points at each lattice spacing cor-
respond to different sea-quark ensembles, and are
horizontally offset for clarity.

us a preliminary value of fB = 196(6) MeV and a SU(3) breaking ratio of fBs/ fBq = 1.21(2).
Again only statistical uncertainties are quoted. We are finalizing our budget of systematic errors
which will also include, e.g., heavy quark discretization errors. All our preliminary results are
in agreement with the literature in particular if taking into account that systematic errors will be
added.

4. Outlook

We hope to complete and publish our analysis for fB, fBs and their ratio fBs/ fB soon. We
anticipate that our largest source of error will be from the chiral-continuum extrapolation. In the
future, we will take advantage of the new Möbius domain-wall ensembles generated by the RBC-
UKQCD collaboration which feature simulations at the physical pion mass.
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